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A Note on the Apostol Type q-Frobenius-Euler Polynomials and
Generalizations of the Srivastava-Pinter Addition Theorems

Burak Kurt?

? Akdeniz University, Faculty of Educations Department of Mathematics, Antalya, TR-07058, Turkey

Abstract. The main subject of this study is to define and investigate for the Apostol type Frobenius-Euler

polynomials. We give some identities for these polynomials. We generalize the Srivastava-Pintér addition
theorems between the Bernoulli polynomials and Apostol type Frobenius-Euler polynomials.

1. Introduction, Definitions and Notations

Throughout this paper, we always make use of the following notation; IN denotes the set of natural
numbers, Ny denotes the set of nonnegative integers, IR denotes the set of real numbers and C denotes the
set of complex numbers.

The g-numbers and g-factorial are defined by

1-4
[ﬂ]q=ﬂ,‘7¢1,

[n]q! = [n]q [I’l - 1]q e [z]q [1]q ’

respectively, where [0],! = 1 and n € N, a € C. The g-binomial coefficient is defined by

[n] q:qn
k @)@ an

] T @ Dk D

The g-analogue of the function (x + y); is defined by

ol I =
(x+y)q=2[ r ] g "
q

k=0
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The g-binomial formula is known as
n-1 ) n " k(k b
a-op={l-a =3[ 1] o
j=0 k=0 q

In the standard approach to the g-calculus two exponential functions are used

o 2 1
eq(z)—;[n]q H(l (1 e )0<|q|<1,|z|<—|1_q|

and

E;(z) = an(»«znz_ H(1+(1 q)qz)0<|q(<1 zeC.

[t 15

From this form, we easily see that e;(z)E;(~z) = 1. Moreover D,e,(z) = ¢;(z), D4E,(z) = E;(qz) where D,
is defined by

f(q) f()

D,f(z) = ————,0<|g| <1,0#zeC.

The derivative of the product of two functions and the derivative of the division of two functions are
given by the following equation in [8] respectively

D (@) _ 96)D; (@) - feDyg@) o

"\ 90 9(2)9(qz)

D, (f(2)9(2)) = f(q2)Dgg(2) + 9(2)D, f (2)-

The above g-standard notation can be found in [8]. Carlitz was the first to extend the classical Bernoulli
polynomials, Euler numbers and polynomials, introducing them as g-Bernoulli and g-Euler numbers and
polynomials ([1], [2], [3]). Srivastava et al. ([20], [21], [22], [23], [24], [25]) generalized the Bernoulli
polynomials and Euler polynomials. In addition they investigated and proved some theorems for these
polynomials and Apostol-Bernoulli and Apostol-Euler polynomials. Kim in ([9], [10]) gave some recursion
relation for the g-Bernoulli and g-Euler polynomials. Furthermore, he proved some identities for the
Frobenius-Euler polynomials. Srivastava-Pintér in [25] proved Srivastava-Pintér addition theorems. Kurt
et al. in ([11], [12]) introduced the Frobenius-Euler polynomials and they proved some relations for these
polynomials. Tremblay et al. in [28] generalized the new class of generalized Apostol-Bernoulli and
Apostol-Euler polynomials. Also some mathematicians gave an analogue of the Srivastava-Pintér addition
theorems.

Choi et al.[6] investigated g-Euler and g-Bernoulli polynomials and gave the relation between these
polynomials, Choi et al.[7] proved some relation for the Apostol-Euler polynomials and Apostol-Bernoulli
polynomials, Srivastava et al. [27] proved some relation for g-Bernoulli polynomials and multiple g-Zeta
function.

Finally, Mahmudov in ([16], [17]) by using g-quantum calculus, introduced and gave some relations for
the g-Bernoulli polynomials and g-Euler polynomials with two variable x, y.

In this work, we introduce g-Apostol type Frobenius-Euler polynomials. We give some new identities
for the g-Apostol type Frobenius-Euler polynomials. Also, we prove some explicit expressions.
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Definition 1.1. Letge C,a € Nand 0 < |q| < 1. The g-Bernoulli numbers B( 5 and polynomials B(a)(x y)inx,y
of order a are defined by means of the generating functions:

g (Y
nz‘:an’q [n],! (eq(f) - 1) <2 N
ZB(‘X)( y)_ = (eq(t);—l) eq(tX)Eq(ty)/ |t| <27 (3)

Definition 1.2. Let g€ C, @ € Nand 0 < |q| < 1. The gq-Euler numbers Sff; and polynomials Sfﬁ‘;(x, y)inx, yof
order « are defined by means of the generating functions:

(o) t 2 o

Ly _(eq(t>+1) M @
2 44

Za( H n] = (eq o 1) ey (EOE,(ty), |t < . 5)

Classical Frobenius-Euler polynomials Wf,a)(x; u) of order « are defined by the following relation ([1],
[9], [11], [12])

- |
Z(H’('H)(X; ”)E - (et
n=0

where a € N, u is an algebraic number.
Similarly, the Apostol type Frobenius-Euler polynomials H(x; u; ) of order a are defined by the
following relation ([18])

S @ t" 1—u\* .
ZO%(, )(X;u;A)a = (—Aet—u) e )

oy

Definition 1.3. We define Apostol type q-Frobenius-Euler polynomials (H(a)(x y;u; A) of order ain x, y and Apostol
type q-Frobenius-Euler numbers 7{,5‘,2(0, 0; u; A) of order a, respectively by

ZO Hi (0, y;0; 1) [;]q! - ( Aej(;) - u) eq(E)Eq(ty), ®)
N @ 0t (1= )
;qu(o,o,u,m[n]q! = ( T (t)_u) . )

It is obvious that

7{,50;) = ?{(“)(0 0;1; 1), 11m?{(“)(x, v A) = HO(x + y;u; A)

qlir{gwﬁf;’ = H(0,0;u; 1)

By this motivation, we define g-Apostol type Bernoulli polynomials B(“)(x y; A) of order o and g-Apostol
type Euler polynomials 8( 2(x, y; A) of order a respectively by

o t )
Z B( )(x v /\) T = ()\eq(t) — 1) eq(tx)E4(ty) (10)

q.
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and

e o 2 )
;qu(x, ;) T ( TR 1) ey (10 E, (ty).

2. Some Basic Properties for the Apostol type g-Frobenius-Euler Polynomials

Proposition 2.1. The following relations are true:

Enq(0,0; 1) = Lmq (0,0,(=1)7",1),

A+1
Eng (X, y;A) = %qu (x/ Y (_A)_l , 1) ,
Bug (6,y:0) = 5 Inly s (1,9 (-171), 1),

Proposition 2.2. Apostol type Frobenius-Euler polynomials satisfy the following relations

a - n o
W,S,;ﬁ) (x,y,u;A) = ; [ k L T{é/q)(x, Y u; /\)'}{gj?(/q(o, 0;u; A),

AkZS[ ¢ Lﬂk’q(x'y;u;)\)_anq(xry;u;/\) =(1-u)(x+y),

Ho =y [ . L H 0, 05 YHD 0, y510:)

n-kq
k=0

Proposition 2.3.

Dy (Wﬁfi,) x yu; A)) = [nl], (H,if)l,q (x, y;u; A), Dy req(tx) = xey(tx),

Dy, (?(,gflq)(x, v u; /\)) = [n], ‘H’i‘f)l/q(x, qy; u; A), DgiEq (ty) = yE; (g + y).

Proof. The proof of these Propositions can be found from (2)-(11). O

Theorem 2.4. There is the following recurrence relation for the Apostol type q-Frobenius-Euler polynomials

Wn+1,q(x/ yu; A)

= YHug(qx, qy; u; A) + xHog(x, y; 05 1) = A Z[ Z ] Hiog(x, ;115 ) Hiyoig (1,051, 1)
k=0

q

68

(11)

(12)

(13)

(14)

(15)

(16)

(17)

(18)

Proof. For a = 1,1in (7), we take the g-Jackson derivative of the Apostol type g-Frobenius-Euler polynomials

Hq(x, y;u; A) according to t.

Z Dq,tq_(n,q(x/ Y A) e = Dq,t [(1 —u)
n=0

eq(tx)Eq(ty)]
[n],!

Aeg(t) —u

_ eq(tX)Eq(ty)
“0-00u( 5
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By applying the equality (1) to the last expression, we have

(/\eq(tq) - u) D, [eq(tx)Eq(ty)] — e, (qtx) E; (qty) Dy (/\eq(t) - u)

=(1-u)
! ()\eq(t) - u) (/\eq(qt) - u)

—yZqu(qx qy; u; )\)[ +x27{nq(x v /\)[ T

—)\Z?—(nq(x yu;A)g" [ i g (1L,0;u;A) ——

n=0 =0 []'

By using Cauchy product, comparing the coefficient of £ ] 7, we have (18). [

Theorem 2.5. There is the following relation for the generalized Apostol type q-Frobenius-Euler polynomials

(Qu-1) Z [ Z ] Hiq(0,0;1; AYHy i q(x, y; 1 = u; A)
k=0 q
= uHyuq(x, y;u; A) — (1= ) Hyg(x, 31— ;7). 19)
Proof. By using the identity

2u—1 _ 1 B 1
()\eq(t) - u) ()\eq(t) -(1- u)) Aeg(t) —u Aey(t) = (1 —u)’

(1 ) ey (et) (1 = (1 - ) Eq(ty)

(Aeg(t) — u) (Aeg(t) — (1 - w))
_ (1 = u) eg(xt)uE,(ty) _ (1 = u)eg(xt) (1 = (1 —u)) Ey(ty)
B Aeg(t) — u Aeg(t) — (1 —u) ’

Qu-1)

(2u—1)27{”(0 0; 1 1) —— Z?{M(o,m — )=

[]' [n],!

—uZ?{nq(x yu; /\)[ ] (1—u)27—(nq(x v

[n ]

Comparing the coefficient of ¢ ] 1, we prove (19). [
Remark 2.6. For 1ir111 Hg(x, y;u; A). substituting A = 1, y = 0in (19), we have Carlitz result ([1], equation 2.19).
7—1"

Theorem 2.7. There is the following relation for the generalized Apostol type q-Frobenius-Euler polynomial

uH, 4 (x, y;u; A)

:Akza[ Z ]qﬂk’q(x’y;”;A)‘(1‘”)(“1/)2- 0)
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Proof. By using the identity e,(t)E;(—t) =1,
u _ 1 o1

AAeq(t) —u)eg () (Aeg(t) —u)  Aeg(®)
We write as

u (1 —u)es(tx)Ey(yt)

(Aeg(t) — ) Aeg(t)
B (1 = u) ey(tx)Eqy(yt) ~ (1 = u) ey(tx)Ey(yt)

Aeg(t) —u Aey(t) !

U o "1

n ; Hg(x, y;u; /\)[n—]q! %

= i“H (x y'u'/\)i - 1_—ue (tx)Eq(yt)
AN T [nl,!  Aey(t) g PI

3
Il
o

tVl
Hg(x, y;u; /\)W
!

o 1-u\vw n t"
Hyg(x, y;1; ) [, nZ:O ]! _( 1 );(“y)q [n],!”

. . . t}’l
Comparing the coefficients of T We have

e L1

I}
o

n

UHyq(x, y;u;4) = A Z [ Z ] Hiq(x, y;1;4) = (1= 10) (x + y)g -
k=0 9

O

3. Explicit Relation for the Apostol type g-Frobenius-Euler Polynomials
Theorem 3.1. There is the following relation for the Apostol type Frobenius-Euler polynomials
Wﬁ‘f;(x, Y A)
1 . n a
= — Z[ i L {AHig (1, 510 A) = uHeg 0, y;u; M HE, (3,053 0). (21)

k=0

Proof. Since (9)

00

a . . tn
; 7_{7(1,; (X, yr u; /\)[n_]q|
= (—Mj(t_) - u) (1), (ty)
_ 1-u Aey(t) —u 1-u \"
- Aey(t) — qu(ty) 1-u (/\eq(t) - u) ()
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_ 1 {Ael() q(ty))\eq(t)(%) (1)
1 —u \*
(Aeqa) ) Balt ’( Tey® - )eq(t")}
_ ! /\m‘Hl-')\ A ‘H(“) A me s A &
= m kZO k,q( YU, )[k] Z (x 0 u; )[l] | kZO k,q(O/ yu; )[k_]q'

o fl
XZ?’((“)(x 0;u; A)W}

Comparing the coefficients of

we have (21). O

n] (K4

Theorem 3.2. Thereis the following relation between Apostol type q-Frobenius-Euler polynomials and the generalized
Apostol g-Bernoulli polynomials

7{,5‘2(95, Y A)

1 v n+1 S [ r
= [+ 1]q {/\ Z |: r ] [ k ] Bn+l—r,q(x/ 0; 1)
9 k=0 q

r=0

n+1
+1 o
—Z[ | Brak(x0; A)}(H,ﬁ,;(o, v ). (22)
k=0
Proof.
Sk (t0)E, (ty)
Aeg(t)y —u) 1 iy
1-u \* t Aeq(t) -1
B ()\eq(t)—u) Eq(ty))\eq(t)—l G
1 o T " n n . .
BB ] o
n=0 k=0 q r=0 q
o N m
- 7{“‘) 0,y;u, )8 (x,0;1)} —,
;M[ L Oy N8 w 0A) s
0 1 n+1 n+1 r "
= A :| [ ] Bn+1—r,q(x/ 0; /\)
nZ=0[n+1]’7{ ;)‘ ' qkz_:ﬁ k],
& n+1
- [ iy } Burioig (6, 0;) L HEO, y;
k=0 q [n ]’1

Comparing the coefficients of —=, we have (22). O

n]!/

Corollary 3.3. There is the following relation between Apostol type q-Frobenius-Euler polynomials and the general-
ized Apostol g-Euler polynomials

7’{(“) (x, y;u;A)

2 Z [ ] { Z I: 1: :L an—r,q(.x/ 0/' /\) + Sn—k,q(x, 0,' A)} 7‘{152)(0, yu; )\)

r=0



B. Kurt / Filomat 30:1 (2016), 65-72 72

References

(1]
[2]
[3]
[4]
[5]
(6]
[7]

(8]
[9]

[10]
[11]

[12]
[13]
[14]

[15]
[16]

[17]
[18]
[19]
[20]
[21]
[22]
[23]

[24]
[25]

[26]
[27]

[28]

Carlitz L., Eulerian numbers and polynomials, Math. Mag., 32(1959), 247-260.

Carlitz L., g-Bernoulli numbers and polynomials, Duke Math. J., 15(1948), 987-1050.

Carlitz L., g-Bernoulli and Eulerian numbers, Trans. Amer. Math. Soc., 76(1954), 332-350.

Cenkci M., Can M. and Kurt V., g-extensions of Genocchi numbers, J. Korean Math. Soc., 43(2006), 183-198.

Cheon G. S., A note on the Bernoulli and Euler polynomials, Appl. Math. Letter, 16(2003), 365-368.

Choi J., Anderson P.J and Srivastava H. M., Carlitz g-Bernoulli and g-Euler polynomials numbers and polynomials at on class of
g-Hurwitz zeta functions Appl.Math .Comput., 2015 (2009),1185-1208.

Choi J.,Anderson PJ and Srivastava H. M., Some extensions of the Apostol-Bernoulli and the Apostol-Euler polynomials of order
and the multiple Hurwitz zeta functions Appl.Math .Comput., 199 (2008),723-737.

Kac V. and Cheung P., Quantum Calculus, Springer (2002).

Kim T., Identities involving Frobenius-Euler polynomials arising from non linear differential equation, ]. Number Theory,132
(2012),2854-2865.

Kim T., Some formulae for the g-Bernoulli and g-Euler polynomials of higher order, J. Math Analy. Appl.,273 (2002), 236-242.
Kurt B. and Simsek Y., Frobenius-Euler type polynomials related to Hermite-Bernoulli polynomials, Numerical Analysis and
Appl. Math. ICNAAM 2011 Conf. Proc., 1389(2011), 385-388.

Kurt B. and Simsek Y., On the generalized Apostol type Frobenius-Euler polynomials, Adv. in Diff. Equ. d0i:10.1186/1687-1847-
2013-1.

Luo Q.-M. and Srivastava H. M., Some relationships between the Apostol-Bernoulli and Apostol-Euler polynomials, Comp.
Math. App., 51(2006), 631-642.

Luo Q.-M. and Srivastava H. M., g-Extensions of some relationships between the Bernoulli and Euler polynomials, J. Math. 15
(2011), 241-257.

Luo Q.-M., Some results for the g-Bernoulli and g-Euler polynomials, J. Math. Anal. Appl., 363 (2010), 7-18.

Mahmudov N. L, g-analogues of the Bernoulli and Genocchi polynomials and the Srivastava-Pintér addition theorems, Discrete
Dynamics in Nature and Soc. Article number 169348, 2012. doi:10.1155/2012/169348.

Mahmudov N. L, On a class of g-Bernoulli and g-Euler polynomials, Adv. in Diff. Equa., 2013. doi:10.1186/1687-1847-2013-1.
Simsek Y., Generating functions for g-Apostol type Frobenius-Euler numbers and polynomials, Axioms, 1(2012), 395-403.
Simsek Y., Generating functions for generalized Stirling type numbers Array type polynomials, Eulerian type polynomials and
their applied, Arxiv: 1111.3848v1.2011.

Srivastava H. M., Some generalization and basic (or g-) extensions of the Bernoulli, Euler and Genocchi polynomials, Appl. Mah.
Inform. Sci., 5(2011), 390-444.

Srivastava H. M., Kurt B. and Simsek Y., Some families of Genocchi type polynomials and their interpolation function, Integral
Trans. and Special func., 23(2012).

Srivastava H. M., Garg M. and Choudhary S., A new genralization of the Bernoulli and related polynomials, Russian ]. Math.
Phys., 17(2010), 251-261.

Srivastava H. M., Garg M. and Choudhary S., Some new families of the generalized Euler and Genocchi polynomials, Taiwanese
J. Math., 15(2011), 283-305.

Srivastava H. M. and Choi J., Series associated with the zeta and related functions, Kluwer Academic Publish, London (2011).
Srivastava H. M. and Pintér A., Remarks on some relationships between the Bernoulli and Euler polynomials, Appl. Math. Letter,
17(2004), 375-380.

Srivastava H. M., Choi]., Zete and g-Zeta functions and Associated series and integrals, Elsevier Science Publishers, Amsterdam,
London and New York (2012).

Srivastava H. M., Kim T and Simsek Y., g-Bernoulli numbers and polynomials associated with multiple g-Zeta functions and
basic L-Series, Russian J. Math., 12 (2005), 241-268.

Trembley R., Gaboury S. and Fugére B. J., A new class of generalized Apostol-Bernoulli polynomials and some analogues of the
Srivastava-Pintér addition theorems, Appl. Math. Letter, 24(2011), 1888-1893.



